Abstract. We study certain actions of finitely generated abelian groups on higher dimensional noncommutative tori. Given a dimension d and a finitely generated abelian group G, we apply a certain function to detect whether there is a simple noncommutative d-torus which admits a specific action by G. We also describe the condition of G under which the associated crossed product is an AF algebra.
Introduction
Certain finite group actions on the rotation algebras have already been systematically studied in [1] by S. Echterhoff, W. Lück, N. C. Phillips and S. Walters. It is known that up to conjugacy, a finite subgroup F of SL 2 (Z) satisfies F = Z k where k = 2, 3, 4 or 6. According to their paper, by realizing certain generators for Z k , the action of Z k on a rotation algebra can be given for each such k. We note that this action is the natural generalization of the action of SL 2 (Z) on a torus T 2 = R 2 /Z 2 . If we require the rotation algebra to be a simple one, i.e. for the irrational rotation algebra, denoted by A θ where θ is an irrational number, the crosed product A θ ⋊ Z k is an AFalgebra for k = 2, 3, 4 and 6. Moreover for each k, the K 0 -group K 0 (A θ ⋊Z k ) has been calculated, which shows that A θ ⋊ Z k ∼ = A θ ′ ⋊ Z k ′ if and only if k = k ′ and θ = θ ′ mod Z, see [1, Theorem 0.1] . Also they show that higher dimensional noncommutative tori admit flip actions of Z 2 , and for simple ones the crossed products are AF algebras.
As stated in their paper, the proof of the above theorem breaks into the following three steps.
(1) Computation of the K-theory of the crossed product. (2) Proof that the crossed product satisfies the Universal Coefficient Theorem. (3) Proof that the action has the tracial Rohlin property.
Their argument and proof in step (2) and (3) are general enough so that they are also effective for higher dimensional cases. Hence it is accessible if one obtains a proper realization of some finite group, a proper generalization of actions above to higher dimensional cases, and a way to compute the Ktheory of the crossed product. In [2] , the authors manage to obtain results in this way. They give a proper definition of such actions which generalize the action above, which they call it by "canonical actions". Throughout this paper we are interested in actions of this type. A detailed discussion of such actions is in the Preliminaries. By realizing a cyclic group with the companion matrix of a cyclotomic polynomial, the authors study such actions of cyclic group on simple higher dimensional tori for certain dimensions. To finish step (1), i.e. to compute the K-groups of the associated crossed product, the authors first apply [1, Lemma 2.1] and [5, Theorem 4 .1] to write the crossed product in terms of another twisted group C * -algebra, then to compute its K-theory, according to [1, Theorem 0.3] , it is the same to compute the K-theory of untwisted group C * -algebra, and finally by [4, Theorem 0.1] they manage to obtain desired the K-groups. The authors then show that for certain dimension d and order n there is a simple noncommutative d-torus on which Z n acts and the K 1 -group of the crossed product is not trivial, see [2, Theorem 3.6] .
We continue their work and study such actions of finitely generated abelian groups on simple higher dimensional noncommutative tori. By combining the tensor structure of higher dimensional noncommutatvie tori and the realization method in [2] for cyclic groups and actions, we manage to realize all of the possible actions under cyclic groups. Then for a given dimension d by the structure of finite cyclic group of GL d (Z d ), we apply a certain function to tell when we can realize the action of the cyclic group on a simple noncommutative d-torus. Moreover we describe the condition under which the crossed product is an AF algebra. The function W (n) is defined later. Hereby we remark that through this paper we consider noncommutative d-tori, where we usually suppose d > 1, since there is no 1-dimensional noncommutative tori. However some of our results are actually compatible with the case when we allow d = 1. Theorem 1.1 (Theorem 3.1). Given a dimension d and an order n > 1, there is an action of Z n on a simple noncommutative d-tori
The crossed product A Θ ⋊ Z n is an AT algebra, and it is an AF algebra if and only if d − W (n) = 0, and n either admits a form of 2m where m = 3 j 5 i p e l l , or admits a form of 2 k 3 j 5 i where k = 1, j ≤ 2, i ≤ 1 and e l are all nonnegative integers, and p l > 5 is a prime number.
Then we generalize the function W for finite abelian groups, and realize actions with a similar argument. We obtain the following. Theorem 1.2 (Theorem 3.6). Given a dimension d and an abelian finite
there is an action of G on a simple noncommutative d-torus A Θ . The crossed product A Θ ⋊G is an AT algebra, and it is an AF algebra if and only if d−W (G) = 0 and, if we write G as G ∼ = t j=1 Z n j such that
each n l either admits a form of 2m where m = 3 j 5 i p er r , or admits a form of 2 k 3 j 5 i where k = 1, j ≤ 2, i ≤ 1 and e r are all nonnegative integers, and p r > 5 is a prime number.
Especially we have Corollary 3.7 which states that the only possibility of a finite abelian group F acting on a irrational rotation algebra is when F = Z k where k = 2, 3, 4 and 6. In Section 3 we prove above theorems and discuss related results.
Then we find out that the function W contains more information. We have the following. Theorem 1.3 (Theorem 4.3). Given a dimension d and an order n, if d − W (n) = 1, then there is no simple noncommutative torus on which Z n acts in the above way.
In Section 4 we give the proof of this theorem. With enough knowledge of the function W when considering cyclic group actions, we move to the topic of finitely generated abelian group acting on simple higher dimensional noncommutative tori. The action of torsion free part of the finitely generated group is defined to be adding dimensions concerning the crossed product. Similarly we study the condition by which the crossed product is an AF algebra. 
We require A Θ is pseudo-simple in the first case and simple in the second case. Then the crossed product A Θ ⋊ α G is a simple AT algebra, and it is an AF algebra if and only if r = 0, d − W (G) = 0 and G satisfies the last condition in Theorem 1.2.
A detailed discussion is in Section 5.
Preliminaries
For a second countable locally compact Hausdorff topological group G with its modular function ∆ G : G → (0, +∞) and a Borel 2-cocycle ω ∈ Z(G, T), we define the associated reduced (resp. full) twisted group C * -algebras, C * r (G, ω) (resp. C * (G, ω)) in the following way. Regard L 1 (G) as a vector space, and equip it with twisted convolution given by
and the involution given by
becomes a * -algebra which is named the twisted convolution algebra. As similar to the definition of group C * -algebras, to consider nondegenerate representations of L 1 (G, ω), we turn to a twisted analogue of unitary representations of G. More precisely, an ω-representation of G on a Hilbert space H is a Borel map V :
where U (H) stands for the unitary group of H endowed with the strong operator topology. For example we may define
. Then π is a contractive * -homomorphism. As in the definition of a group C * -algebra, with abuse of notations we may also denote π by V : L 1 (G, ω) → B(H). Hence we can define the reduced twisted group
We can see this by taking a norm one approximate identity in L 1 (G, ω). Thus we obtain the universal representation π u of L 1 (G, ω), and define the full twisted group C * -algebra as
We remark that C * (G, ω) has the universal property and the * -homomorphism
is surjective. The reduced and full twisted group C * -algebras coincide if G is amenable.
We realize higher dimensional noncommutative tori with twisted group C * -algebras. For a given dimension d, take G = Z d . Throughout this paper we denote by T d (R) the set of all d × d skew symmetric real matrices. Then
Since Z d is discrete and amenable, if we take the standard basis of it, say e i for i = 1, . . . , d, and denote the regular ω Θ -representation by l Θ :
where each l Θ (e i ) is a unitary and they satisfy the commuting relations
This is clearly a generalization of the rotation algebra to the d-dimensional case. We refer to the rotation algebra which is the case when d = 2. One may take the zero d × d matrix as Θ and then get A Θ = C(T d ), however this is not so much in our interests since it is not simple. Thus we have the following.
Then the noncommutative d-torus A Θ is simple if and only if so is Θ.
Then Θ is nondegenerate if and only if each Θ i is nondegenerate.
Proof. By induction we only show the the case when m = 2. If Θ 1 and Θ 2 are both nondegenerate, for
Then by nondegeneracy of Θ 1 and Θ 2 , we obtain x = (x 1 , x 2 ) = 0, in other words Θ is nondegenerate.
Conversely if Θ is nondegenerate, then for
for all y ∈ Z d . Thus x 1 = 0, and similarly x 2 = 0. Hence Θ 1 and Θ 2 are both nondegenerate.
Then we discuss actions on noncommutatitive tori. We denote by A Θ a noncommutative d-torus as above, which is not necessarily simple. Through the regular representation l Θ :
Then we have an action denoted by
we obtain an action
This is an action on A Θ which generalizes the action of SL 2 (Z) on the rotation algebra A θ discussed in [1] . Particularly, when the dimension d = 2, we have G Θ = SL 2 (Z). We are especially interested in such actions of some
Then we roughly state classification results for our cases, and refer to [1] , [2] , [6] and [7] for details. A simple A Θ is known to be with a unique tracial state and has tracial rank zero. For an action of a finite group on it, which has the tracial Rokhlin property, say α : G → Aut(A Θ ), the resulting crossed product A Θ ⋊ α G becomes also simple, with a unique tracial state and with tracial rank zero. Particularly, for a finite subgroup G ≤ G Θ , the action described in last paragraph of G on simple A Θ is known to have the tracial Rokhlin property. Moreover the resulting crossed product A Θ ⋊ G satisfies the Universal Coefficient Theorem. Thus the crossed products of such actions becomes classifiable. We also need the following theorem.
Theorem 2.4 ([6, Preposition 3.7])
. Let A be a simple infinite dimensional separable unital nuclear C * -algebra with tracial rank zero and which satisfies the Universal Coefficient Theorem. Then A is a simple AH algebra with real rank zero and no dimension growth. If K * (A) is torsion free, A is an AT algebra. If, in addition, K 1 (A) = 0, then A is an AF algebra.
Then we introduce results of J. A. Jeong and J. H. Lee in [2] . We use their realization method as a building block to obtain more realizations and actions.
For a give dimension d and an order n with d = φ(n), where φ is the Euler's totient function. The nth cyclotomic polynomial Φ n (x) is defined by
Φ n (x) is known to be a monic polynomial of degree d = φ(n), and with integer coefficients. Thus set
which is the companion matrix of Φ n (x). Then we have C n is in GL d (Z) and of order n.
Theorem 2.5 ([2, Theorem 4.2])
. Let n ≥ 3 and d := φ(n). Then there exist simple d-dimensional tori on which the group Z n = C n acts canonically.
We remark in this theorem the "canonical action" is the action we discussed above and what we are interested in. To compute the K-theory for associated crossed product of such action, we need the following theorem.
where
The authors in [2] apply this method and obtain that for certain dimension d and order n, the resulting crossed product is not an AF algebra. The theorem is stated as the following.
Theorem 2.7. [2, Theorem 3.6] Let n ≥ 7 be an odd integer and d := φ(n).
Consider the extension of groups
We denote by N the smallest subcategory of the category of separable C * -algebras, which contains separable Type I algebras and is closed under taking ideals, quotients, extensions, inductive limits, stable isomorphisms and crossed products by Z and R, then the following theorem holds.
Theorem 2.8 ([8, Künneth theorem])
. Let A and B be C * -algebras with A in N. Then there is a natural short exact sequence
The sequence is Z 2 -graded with deg α = 1, deg β = 1, where K p ⊗ K q and Tor(K p ⊗ K q ) are given degree p + q for p, q ∈ Z 2 .
Realization of cyclic groups acting on noncomutative d-tori
Given skew symmetric real matrices Θ 1 and Θ 2 , suppose that Θ = Θ 1 ⊕ Θ 2 , then naturally we have
Then for any finite group actions described in the Preliminaries of
by an isomorphism defined by 
thus we are able to obtain finitely many candidates for n, which is the possible order of a realizable cyclic group in GL d (Z). For those n's with φ(n) = d, where φ is the Euler's totient function, by [2, Theorem 4.2] we may find a noncommutative d-torus A Θ which is simple, namely figure out the form of the nondegenerate Θ, and realize an action of Z n on A Θ . Moreover we could compute K * (A Θ ⋊ Z n ) and then know whether A Θ ⋊ Z n is AF or not. However this way does not work for those n's with φ(n) = d, paticularly when d is odd. We manage a way of realizing cyclic groups for more candidates n to find actions in the following. By Kuzmanovich's proof in [3] , suppose n =
Thus by [2, Theorem 4.2], for each i, we could find nondegenerate
, which is a d × d matrix of order n. It is possible to find a nondegenerate Θ 0 . Then set
which is nondegenerate, thus we have an action of A = Z n on A Θ . Moreover by our former discussion one may check that
By the method above we may realize more finite cyclic group actions on higher dimensional noncommutative tori. To compute their K-groups, we apply the Künneth theorem in [8] , stated as Theorem 2.8.
To 
which is torsion free. Then applying Künneth theorem, we obtain
By [2, Propersition 3.1] A Θ ⋊ Z n satisfies the Universal Coefficient Theorem. As we have already stated before, A Θ ⋊Z n is then classifiable. We obtain the K * (A Θ ⋊ Z n ) is torsion free, thus under this realization the crossed product A Θ ⋊ Z n is an AT algebra. However, We note that d − W (n) > 1 and
Thus in this case K 1 (A Θ ⋊ Z n ) = 0, and A Θ ⋊ Z n is not an AF-algebra. If d − W (n) = 0, the situation is essentially the same to our discussion before. Instead we set A :
which is nondegenerate, thus we have an action of A = Z n on A Θ . Then we obtain
and again by the Künneth theorem, 
We obtain rk Z (( 1 Z 6 ) Z 9 ) = 0 for the action is free outside the origin 0 ∈ Z 6 . According to our realization we have Z 9 is the cyclic group generalized by A in GL 6 (Z), where 
where Q ∈ GL 6 (C). Notice that x a fixed point of A acting on 3 Z if and only if Qx is a fixed point of diag(ζ, ζ 2 , ζ 4 , ζ 5 , ζ 7 , ζ 8 ) acting on
it is the same to stating that there is a way of pick three number in 1, 2, 4, 5, 7, 8 such that the sum of them can be divided by 9, which is impossible. Thus we obtain rk Z ((
Similarly we also obtain rk Z ((
Hence when p e i i = 3 2 , we obtain a simple noncommutative 6-torus A Θ on which Z 9 acts in the way we are interested in, and
in other words A Θ ⋊ Z 9 is an AF algebra.
We leave the case when d − W (n) = 1 to next section. To complete the proof, we discuss the case when given the dimension d and the order n such that W (n) ≤ d, and with p Again we could find nondegenerate Θ i in T d i (R) such that A i acts on A Θ i in the way we described above for i = 2, . . . , t.
which is nondegenerate. Since
we have an action of −A = Z n on A Θ . However, in this case we can only write Z n as
where 2 ≤ j ≤ t. Thus instead of A, we consider A (j) as a generator of Z n where A (j) is defined by
Similarly we have
where 2 ≤ j ≤ t. By the Künneth therorem K * (A Θ ⋊ Z n ) is the tensor of K * of each factor. Again since the part of K * (A Θ 0 ), K 1 (A Θ ⋊ Z n ) = 0, which is equivalently to say that A Θ ⋊ Z n is not an AF algebra.
It is similar to above when d−W (n) = d−W ( n 2 ) = 0. However we remark that Proof. Since W (n) is always even when n ≥ 3.
Note that we have the following example which is already mentioned in [1] . Example 3.3. Consider an action of Z n on a simple 2-dimensional noncommutative torus , say A Θ . Suppose that the action is of the above type. By Corollary 3.2, it is equivalent to say that d − W (n) = 0 or d − W (n) = 2 where d = 2. Then by knowledge of W (n), we obtain n = 2, 3, 4 or 6. Moreover by Theorem 3.1, each crossed product A Θ ⋊ Z n is an AF algebra.
Then generally for a finite abelian group G, we may generalize our method of construct such actions of G on noncommutative tori. By the structure theorem for finitely generated abelian groups we write G as
where p 1 ≤ · · · ≤ p s are primes and e i ≤ e i+1 whenever p i = p i+1 . However we cannot simply define W (G) := Certain actions of finitely generated groups on higher dimensional noncommutative tori 13
This is because if for a finite abelian group
is a normal subgroup of G. Thus we cannot realize Z 2 as the signature part of the matrix which need not a cost of a dimension, and since the determinant of realized matrix is 1, the degree should be even. Thus instead we have to cost two of dimensions to set a diagonal part as example above. Hence in this case we should modify our test funtion to taking value 2 of Z 2 .
Definition 3.4. For a cyclic group Z n , define the function W as follows.
Definition 3.5. For a finitely generated abelian group G, by the structure theorem for finitely generated abelian groups, we have
where p 1 ≤ · · · ≤ p s are primes and e i ≤ e i+1 whenever p i = p i+1 . Let G tor denote the torsion part G tor . Define the function W of G as
Theorem 3.6. For a given dimension d and an abelian finite subgroup
there is an action of G on a simple noncommutative d-torus A Θ . The crossed product A Θ ⋊ G is an AT algebra, and it is an AF algebra if and only if d − W (G) = 0 and, if we write G as G ∼ = t j=1 Z n j such that
Proof. By definition we can write G as G ∼ = t j=1 Z n l such that
Thus we have d − W (Z n l ) > 1 or d − W (Z n l ) = 0 for all l. Then for each j by Theorem 3.1 we obtain a simple noncommutative torus A Θ l on which Z n l acts in the above way. We emphasis that if n l = 2, we obtain an irrational rotation algebra. Then by the tensor product argument similar in section 3 we obtain a simple noncommutative d-torus A Θ on which G acts in the above way.
The rest of the proof is similar to the one in section 3 and from Theorem 3.1.
Corollary 3.7. The only actions of finite abelian group on irrational rotation algebras of the above type are by Z k where k = 2, 3, 4 and 6.
Proof. Note that in the current case d = 2. suppose G is a finite abelian group acting on the irrational rotation algebra A θ in the above way. It is a conflict if W (G) > 2 then by our statement above. Thus W (G) = 2. Then by the definition of the function W we have G = Z k where k = 2, 3, 4 and 6.
4. Case d − W (n) = 1 and actions on odd-dimensional noncommutative tori
As a remaining problem of the last section, we need to study the case d − W (n) = 1 for a given dimension d and order n = t i=1 p e i i with primes p 1 < · · · < p t . We start our discussion again from Kuzmanovich's result which shows that for any
where A i is the companion matrix for p
Consider a category G defined as following: an object is a pair (G, ω) where G is a discete group and ω is a 2-cocycle in Z(G, T). For objects (G 1 , ω 1 ) and (G 2 , ω 2 ),
If we denote by C the category of C * -algebras and define
By the universal property of a full twisted C * -algebra, one may check that C * (·, ·) is a functor from G to C.
Thus for arbitrary Θ 1 ∈ T d (R) and Q ∈ GL d (R), we have Θ 2 := Q t Θ 1 Q ∈ T d (R). By taking different generators we can obtain an isomorphism
Thus we obtain
Q, and we have the following preposition in general.
where each A i is the companion matrix for p
where for i ≤ j, Θ ij is a d i × d j matrix , and Θ ij = (θ kl ) such that θ kl = θ (k+1)(l+1) for all k, l.
Proof. Write Θ = (Θ ij ) then by Λ t ΘΛ = Θ we obtain 
Proof. We write Θ d i := (θ dk ) where
Thus it suffices to show when i = 1. Since A 1 is the companion matrix for p e 1 1 , we have
where Thus for any d-dimensional noncommutative torus A Θ on which Z n = A acts, we have Θ = Q t Θ ′′ Q where
, which is clearly not simple.
Hence we have the following theorem. Example 4.6. Consider an action of Z n on a simple 3-dimensional noncommutative torus. Then by Theorem 4.3 and by the fact that W (n) is always even, it is equivalent to say that d − W (n) = 3. Thus we obtain n = 2, in other words, the only action by a nontrivial finite cyclic group on a simple 3-dimensional torus of the above type is the flip action by Z 2 , as stated in
We rewrite a fact mentioned in [6, Lemma 1.5] as following. In general for a d-dimensional noncommutative torus A Θ where Θ ∈ T d (R), write
and the standard generator of A Θ as u i for i = 1, . . . , d. Then
moreover we can define an action α : Z → Aut(A Θ ′ ) by α(1)(u i ) = exp(2πiθ id )u i which is homotopic to the identity and where θ is an irrational number. It is actually the product action of two commuting actions. Then we have
is simple, and action α ′ of Z n on A Θ ′′ ∼ = A Θ ′ ⊗ A θ is of the above type, the the crossed product A Θ ⋊ α (Z × Z n ) is covered by a discussion in Section 3. We comment that action α restricted to Z is adding dimension to noncommutative torus A Θ and making it a simple one on which there is an action of Z n of above type, in our context this should be the action of Z on a noncommutative torus in which we are interested.
Finitely generated abelian group actions
Motived by the last part of the former section, we have the following discussion.
For a given dimension d and a finitely generated abelian group G, by the structure theorem we have . In such case if r > 1 we obtain α with an irrational number θ and a nondegenerate Θ 0 ∈ T r−1 (R) such that
.
Similarly if r = 1 we obtain α with only an irrational number θ such that
Z p Proof. The existence is by our discussion in this section. Then by Theorem 3.6 we draw the conclusion.
